In this Letter, we show thermoelectric conversion efficiency is exactly determined by three independent material parameters Z gen , τ , and β. Each parameter is a figure of merit hence improving τ or β is an additional way to increase the efficiency. The Z gen generalizes the traditional figure of merit zT. Two degrees of freedom τ and β reflect the temperature gradients of the material properties and are crucial to evaluate the heat current altered by non-zero Thomson heat and asymmetric Joule heat escape. Physical insights on high τ or β materials explain why the single parameter approaches can be inaccurate for efficiency prediction.
A thermoelectric module utilizing the thermoelectric effect for direct conversion of thermal energy into electrical energy is a heat engine [1] . Hence its conversion efficiency is the fraction of input heat current Q h into the electrical power P delivered to an external load. The power P is simply determined by the electrical device parameters as P = I(V − IR) where I, V , and R are electric current, total generated voltage, and internal electrical resistance. However the heat current has no such expression due to the nonlinearity of the thermoelectric equation [2, 3, 4, 5] caused by temperature-dependent thermoelectric material properties. As a result, the thermoelectric efficiency η = P Q h has no analytical expression in terms of the device parameters.
When the material properties are temperature-independent, the single parameter zT suggested by Ioffe [1, 3] is a figure of merit for the thermoelectric efficiency. As its generalization for temperature-dependent material properties, several single average parameters have been suggested [5, 3, 6, 7, 4, 8] but their efficiency prediction can be significantly different from exact numerical one for some practical material curves [5, 3, 6, 7, 4, 9, 8, 10, 11, 12] .
In this Letter, we show the input heat current Q h of a one-dimensional thermoelectric generator model with temperature-and position-dependent material properties is determined by the device parameters and two additional material parameters τ and β. As a consequence, the efficiency η is determined by three material parameters Z gen , τ , and β. Here the Z gen is a generalization of the figure of merit zT and is written by the device parameters; see (6) . Although the three material parameters depend on the electrical current I, the dependence is negligible when the maximum power or maximum efficiency is considered; see Fig. 2 . Treating the Z gen , τ , and β as constants, we have an analytical formula for the maximum thermoelectric efficiency as a natural generalization of the constant material property case; see (8) . Furthermore, each of our τ and β is a dimensionless figure of merit, hence its improvement is a novel approach to enhance the efficiency, different from improving the zT . While the definitions of τ and β in (5) are involved, their approximations (9) give clear insights to improve the τ and β, and explain why the single parameter generalizations of zT fail for some materials, as discussed later.
Before deriving the τ and β, first we observe the necessity of them. Let α, ρ, κ be temperature-dependent Seebeck coefficient, electrical resistivity, and thermal conductivity of a thermoelectric material, respectively. For a single thermoelectric leg module with length L and cross-sectional area A in one spatial dimension, we may define average parameters of the material properties as α := V ∆T = − α dT dx dx, ρ := A L R = 1 L ρ dx, and
Here ∆T is the given temperature difference between the two ends of the generator, x is the spatial coordinate inside the module, T = T (x) is the temperature distribution inside the module, and 1/K is the thermal resistance of the module. If the material properties do not depend on T , the hot-side input heat current at temperature T h and the cold-side output heat current at temperature T c are determined by the average parameters as
The electrical power delivered outside the module is P = Q h − Q c . If the material properties depend on T while the average properties remain unchanged, the heat currents change to different values Q h and Q c but the power, which is determined by the average properties, does not change. 
To derive the τ and β, we examine the thermoelectric equation. The thermoelectric effect is expressed in terms of electric current density J := I/A and heat current density J Q := Q/A as J = σ(E − α∇T ) and J Q = αT J − κ∇T where E is the electric field. Applying the charge and energy conservation laws to J and J Q , we can obtain the thermoelectric differential equation of temperature T in a one-dimensional thermoelectric leg without radiative and convective losses [2, 5] :
where x is the spatial coordinate inside the leg. The left-hand side of (2) is composed of thermal diffusion, Thomson heat generation, and Joule heat generation. Let f T be the heat source term of (2) (3) 
The δT has two contribution terms of I and I 2 from double integration of Thomson and Joule heat: since (1) .
Rewriting the Q h in (4) into the form of (1), we obtain
For T -independent material properties, δT (2) = 1 2 R K and δT (1) ≡ 0 so that τ ≡ 0 and β ≡ 0, which implies Q h = Q h = K∆T + IαT h − 1 2 I 2 R, as expected. Next we define the Z gen as a generalization of the figure of merit zT . For a given load resistance R L , the electric current is I = V R(1+γ) where γ := R L /R. Hence the power delivered to the load is P =
With this observation, we define the general device power factor as PF gen := α 2 ρ and the general device figure of merit as
When the PF gen is slowly varying on I, the power P is maximized near γ = 1. The Z gen is adopted for the simplication of the efficiency formula as in (7) . Furthermore, the Z gen is a generalization of the previous single average parameters. The Z gen is reduced to the average figure of merit z av := α 2 ρκ by Ioffe and Borrego [1, 4, 3, 6, 7] under the constant heat approximation. Here the bracket · indicates the averaging over T . The Z gen is reduced to the engineering figure of merit Z eng := α 2 ρ κ by Kim et al. [8] under the linear-T approximation. Similarly, the PF gen is reduced to the effective power factor α 2 κ ρκ under the constant heat approximation [14] . Finally we consider the thermoelectric conversion efficiency η = Q h −Qc Q h . Using (1), we can verify that the dimensionless heat currents Q h /K∆T , Q c /K∆T , and the efficiency are determined by five parameters ∆T , Z gen , τ , β, and I (or the resistance ratio γ). Thereby, (8) is drawn for T h = 900K and T c = 300K, with Z gen = 0.002K −1 and 0.001K −1 . Improving one of Z gen , τ , and β increases the efficiency.
given external thermal and electrical condition, the efficiency is exactly determined by three parameters as
Note that the η is monotonically increasing with respect to ∆T , Z gen , τ and β. The monotone increasing property on τ and β is easily observed from Q h in (1); since Q h is monotonically decreasing with respect to τ and β, the η = P Q h is monotonically increasing. Therefore each of Z gen , τ , and β is a figure of merit; see Fig. 1 .
The efficiency formula (7) is applicable to segmented-and graded-material devices with contact resistance. This is because the computation of Z gen , τ , β in (6) and (5) is based on the integral formulation of temperature distribution in (3): the derivative of α can be replaced with an integral by part on the Thomson heat as T dα = d (αT ) − αdT , hence the choice of α(x), ρ(x), κ(x) for such general cases is straightforward. Moreover, as each of p-and n-legs performance is simulated, the formula can be extended to compute the thermoelectric efficiency of the module with p-and n-leg pairs: η module = P (p)+P (n) Q h (p)+Q h (n) , where p and n in parenthesis indicates p-and n-type legs, respectively.
The three average parameters (α, ρ, κ) and the three degrees of freedom (Z gen , τ , β) are slowlying varying on I and γ. For the SnSe [15] single-element leg module working at T h = 970.1K and T c = 302.7K, the relative absolute variations for the six parameters is less than 0.1% near the maximum efficiency condition; see Fig. 2 . Even for the segmented leg composed of 0.4 mm low-temperature side segment of BiSbTe [16] and 0.6 mm high-temperature side segment of SnSe [15] and operating between 970 K and 300 K, calculations reveal that the six parameters are still robust against the change of I: the variation is about 5% for γ in the range of maximum power case and maximum efficiency case.
The maximum efficiency can be predicted using the three degrees of freedom (Z gen , τ , β). As the thermoelectric parameters are robust against I and γ, the Z gen , τ and β can be assumed to be constants. To find an approximate value of the maximum efficiency, we maximize the η for γ fixing Z gen , τ , β. Then we have a general maximum efficiency formula: (8) . It shows the error in efficiency prediction by the single parameter zT is due to the neglect of the hidden parameters τ and β. The general efficiency formula η gen max in (8) is a natural generalization of the traditional effiicency formula of constant property model η const
max by Z gen , T m , T h , T c respectively, our η gen max is obtained. When material properties are constant (τ = β = 0), both formulas are the same.
The compatibility factor [17] can be also generalized. The optimal current for maximum efficiency I opt is close to I gen opt := V is not defined when the α is constant because the numerator and denominator vanishes. Also the W T is not a figure of merit.
While the exact computation of Z gen , τ , β require temperature distribution inside the module, an accurate one-shot approximation of them is also available (see §5 in SM):
Here the subscripts h and c denote the evaluation of the function at T h and T c respectively. The formulas for Z lin emphasize the linearity. In Fig. 3 (c)-(e), the strong correlation between the one-shot approximation values and exact numerical values is verified for the 276 thermoelectric material properties from literature. The approximation fails only when the Seebeck coefficient is small and sign-changing with temperature.
The one-shot approximation (9) clarifies the effect of temperature-dependent material properties on the efficiency. For example, because τ ≈ − 1 3 α h −αc α h +αc , the efficiency can be enhanced if the α(T ) declines more rapidly on T , i.e. the Thomson effect as a heat sink becomes stronger. Hence the Thomson effect in efficiency estimation is important as reported previously [4, 9, 18, 19, 12, 8] .
The one-shot approximation (9) also explains why the single parameter generalizations of the zT fail for efficiency prediction of some materials. For example, the peak zT of SnSe materials is significantly greater than that of BiSbTe materials (SnSe has the highest peak zT of 2.6 at 923 K [15] ), but the efficiency of BiSbTe is significantly greater than that of the SnSe. This extreme failure of zT can be explained by the figure of merit τ . Consider three imaginary materials imitating BiSbTe-like, SnSe-like, and constant-z materials. For simplicity, we impose two assumptions on their material properties: (i) the ρ and κ of them are T -independent and they have the same α. (ii) the α of them is linear on temperature; the BiSbTe-like material has linearly decreasing α, the SnSelike material has linearly increasing α, and the constant-z material has the constant α. Then, as shown in Fig. 4 , the peak zT of the SnSe-like material is very high as the zT is proportional to T 3 . However, due to the temperature-dependent profile of α, the τ of the SnSe-like material is negative while the τ of BiSbTe-like material is positive; see (5) (9) and the numerical Z gen , τ , β when the maximum efficiency is attained. and (9) . Since the Z gen is the same for the three materials, the τ is the main figure of merit which concludes that the BiSbTe-like material has higher maximum efficiency than the SnSe-like material. This example shows a single average parameter is not enough for efficiency prediction and the gradient of material properties can be important.
In summary, three degrees of freedom Z gen , τ and β exactly determine the thermoelectric conversion efficiency. Each degree of freedom is a figure of merit hence improving τ or β is a complementary way to increase the efficiency. The physical insights on high τ or β materials explain why single parameter approaches are not enough for some materials, and can be used to evaluate and optimize the thermoelectric materials and devices. 
Supplementary Material for "General Efficiency Theory of Thermoelectric Conversion"
Abstract. This Suppelmentary Material (SM) is prepared to support the paper for publication in the Applied Physics Letters, entitled General Efficiency Theory of Thermoelectric Conversion. This SM is composed of following sections. In §1, we give information on full reference list for 276 thermoelectric materials from 263 literatures, which were used for efficiency prediction (Fig. 3) In §2, we describe how to compute numerical ideal maximum efficiency for thermoelectric conversion of single-leg materials in Fig. 3 . In §3, we give a statistical analysis for the predicted efficiency of 276 materials (Fig. 3) . In §4, we give an efficiency analysis data for selective 18 thermoelectric materials. In §5, we give a full derivation of one-shot approximation forms for Z gen , τ , and β. §1 Thermoelectric Property (TEP) Data used in Figure 2 In this work, we constructed a dataset of TEPs of 276 materials gathered from 263 literatures [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22 109, 110, 111, 112, 113, 114, 115, 116, 117, 118, 119, 120, 121, 122, 123, 124, 125, 126, 127, 128, 129, 130, 131, 132, 133, 134, 135, 136, 137, 138, 139, 140, 141, 142, 143, 144, 145, 146, 147, 148, 149, 150, 151, 152, 153, 154, 155, 156, 157, 158, 159, 160, 161, 162, 163, 164, 165, 166, 167, 168, 169, 170, 171, 172, 173, 174, 175, 176, 177, 178, 179, 180, 181, 182, 183, 184, 185, 186, 187, 188, 189, 190, 191, 192, 193, 194, 195, 196, 197, 198, 199, 200, 201, 202, 203, 204, 205, 206, 207, 208, 209, 210, 211, 212, 213, 214, 215, 216, 217, 218, 219, 220, 221, 222, 223, 224, 225, 226, 227, 228, 229, 230, 231, 232, 233, 234, 235, 236, 237, 238, 239, 240, 241, 242, 243, 244, 245, 246, 247, 248, 249, 250, 251, 252, 253, 254, 255, 256, 257, 258, 259, 260, 261, 262, 263] to test our method. To digitize the TEP data, we use the Plot Digitizer [264] . The dataset consists of Seebeck coefficient α, electrical resistivity ρ (or electrical conductivity σ), and thermal conductivity κ at measured temperature T . For the numerical computation of efficiency, we use the available temperature ranges of the given material: the T c is defined as the maximum of the lowest measured temperautre and T h is defined as the minimum of the highest measured temperature for given materials.
As shown in Table 1 Figure 3 Thermoelectric phenomena in power module is governed by the thermoelectric differential equation as below:
Numerical maximum efficiencies of ideal thermoelectric modules without thermal loss by radiation or air convection are computed for 276 materials and compared with the peak zT values. The thermoelectric properties are fitted using the piecewise linear interpolation at intermediate temperatures. The exact temperature distribution T (x) of steady state is determined by solving the differential equations of thermoelectricity (see equation-(10)) with Dirichlet boundary conditions; the end point temperature is determined from the available temperature range. Then the thermoelectric performances of a thermoelectric leg with length L and cross sectional area A are calculated as a function of current density J given as η(J)
where the P and Q h are the power delivered outside and the hot-side heat current respectively. Then, the maximum of numerical efficiency (η max ) is calculated, which satisfies the relation η(J) ≤ η max . The reduced efficiency η red is obtained as η red = ηmax η Carnot , where η Carnot = T h −Tc T h . §3 Maximum efficiency prediction using η gen max in Figure 3 In Figure 3(b) , we can observe that the maximum efficiency estimation formula η gen max (Z gen , τ, β) in equation (8) is highly accurate. In Table 2 , various statistics on the relative error of maximum efficiency ( η gen max −ηmax ηmax ) are given. If we use the exact Z gen , τ, β, the standard error (=root mean square of relative errors) of η gen max is 9.60 × 10 −4 . Actually, these small value is generated during numerical analysis.
lin , the standard error is 1.75 × 10 −2 . For the signle crystalline SnSe with peak zT of 2.6, the relative error of one shot method is found to be only 6.82 × 10 −3 . However, when we use the different approximation such as linear T (x) or different average scheme for z, the error becomes larger than ours due to the non-linearity of T for this material [8] .
If we only use the Z (0) gen with zero τ and β, the efficiency is still well predicted with the standard error of 3.37 × 10 −2 . But, in some materials, the error is relatively large due to the neglect of the τ and β. The largest relative error of 10% is found for [101] , due to the non-vanishing gradient parameters (τ = −0.222 ≈ τ (0) = −0.177 ≈ τ As the representative, we consider 18 thermoelectric materials showing high peak zT values exceeding 1. The TEP curves for temperature dependent Seebeck coefficient, electrical conductivity, and thermal conductivity can be found in the additional excel SM file. The full zT curves of them are shown in Figure 5 . Table 3 , 4 and 5 contain more information of the materials, including available temperature range, peak zT , numerical efficiency, formula efficiency, and the thermoelectric degrees of freedom. [253] 327 1019 2.62 @1029K Table 4 . Information of 18 selected materials: (a) maximum efficiencies computed using exact numerical method (T is computed by fixed-point interation, then power, heat and efficiency are computed), maximum efficiencies computed from general maximum efficiency formula η gen max (see equation (8) in the Manuscript) (b) using exact thermoeletric degrees of freedom (DOFs) with exact T (Z gen , τ, β), (c) using DOFs with T (0) (Z gen while τ = β = 0, and (g) using the classical efficiency formula for constant TEP using peak zT . Note that when we computing the numerical maximum efficiency we calculate the T using the fixed-point iteration with integral equation of T for given J. Then J is optimized to maximize the efficiency. To compute Z gen , τ , and β, we used the T distribution of the J of the maximum efficiency condition. For one shot approximations, we use the equation (9) in the Manuscript. Table 5 . Information of 18 selected materials: exact value and one-shot approximation of thermoeletric degrees of freedom. The exact forms of Z gen , τ and β are written as (11) Z gen :
ID-#
The computation of Z gen , τ and β requires the exact temperature distribution. But they can be estimated directly from the material properties. In this section we derive an approximate formula for Z gen , τ and β. The idea is to use the temperature distribution for J = 0, which is similar to the exact temperature distribution because most devices induce small J due to the small zT . Let T (0) be the temperature distribution for J = 0 and define
From the thermoelectric differential equation (10) with J = 0, we can check that
Replacing T with T (0) in Z gen = α 2 ρ κ , we have an one-shot approximation for Z gen :
To approximate τ , we assume the Seebeck coefficient is a linear function of T :
In this way we can observe the effect of the gradient of α on τ more clearly. Since the τ in (12) has K δT (1) term, we estimate a relevant term:
Using −κ dT dx ≈ κ (0) ∆T L from (14),
where K (0) := A L κ (0) . Therefore we have an one-shot approximation for τ :
To approximate β, we assume the ρκ is a linear function of T : (14), we approximate relevant terms for β:
Therefore we have an one-shot approximation for β:
lin .
In summary, we have one-shot approximations as following:
The one-shot approximation derived above is accurate enough for many cases. See Figure 6 , where we compare the exact Z gen , τ , β with their one-shot approximations for 276 materials.
Furthermore, these one-shot approximations can be used to predict the performance of segmented devices. In Figure 7 , we consider a two-stage segmented leg with no contact resistance. The segmented leg consists of SnSe [22] for hot side and BiSbTe [17] for cold side. The exact temperature distribution T insdie the leg shows a jump of the gradient at x = 0.6 due to the inhomogeneity of the material; see Figure 7 (b). Despite the nonlinearity of the T , the one-shot approximation using Z lin , which does not use the exact T , shows high accuracy in prediction of thermoelectric performances; see Figure 7 (c)-(f). The relative error is high near γ = 0, where the reaction term is large due to the large electric current and thereby large Joule heat. For large γ, the error is negligible. Near the γ = 1, the error is acceptable; the relative error is less than 5%. The one-shot approximation predicts the maximum efficiency to be 7.68% while the exact value is 7.53%. One-shot lin 0
One-shot 0 Figure 6 . Estimation of thermoelectric degrees of freedom for 276 materials. Numerical Z gen , τ , β are computed using the exact T at the maximum efficiency. One-shot approximations Z 
